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Two-dimensional stochastic Navier-Stokes equations
(SNSE’s) describe the time evolution of an

Incompressible fluid in a smooth bounded planar
domain.
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Two-dimensional stochastic Navier-Stokes equations
(SNSE’s) describe the time evolution of an

Incompressible fluid in a smooth bounded planar
domain. SNSE’s are well-studied:

and the references therein (additive noise);
and ;
(multiplicative noise);
: and : and
(additive random “kicks");

: small noise and

. large deviations of occupation measures.
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The SNSE

Consider the two-dimensional stochastic Navier-Stokes
equation (SNSE) on a smooth bounded domain D, driven
by affine linear multiplicative white noise:

Invariant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.4/7¢



The SNSE

Consider the two-dimensional stochastic Navier-Stokes
equation (SNSE) on a smooth bounded domain D, driven
by affine linear multiplicative white noise:

du — vAu dt + (u - V)u dt + Vp dt

= yu dt + gg dWy(t, x) + Z oru(t) dWy(t)

k=1
(V-u)(t,z) =0, xe€D,t>0,
u(t,r) =0, x€dD,t>0,
u(0,z) = f(z), x€D.

(1)
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-contd

younded domain in R? with smooth boundary 0D;



SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
r e D;
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SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
x € D;

/A := Dirichlet Laplacian on D;
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SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
x € D;

/A := Dirichlet Laplacian on D;
p(t, ) := pressure field;

Invariant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.5/7¢



SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
x € D;

A := Dirichlet Laplacian on D;
p(t, ) := pressure field;
0 < v := viscosity coefficient;
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SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
r e D;

/A := Dirichlet Laplacian on D;
p(t, ) := pressure field;
0 < v := viscosity coefficient;

Wy(t, z) := additive space-time noise, white in ¢, smooth
N 1 o constant;

Invariant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.5/7¢



SNSE-contd

D := bounded domain in R? with smooth boundary dD;

u(t, ) € R* is the velocity field at time ¢ and position
r e D;

/A := Dirichlet Laplacian on D;

p(t, ) := pressure field;

0 < v := viscosity coefficient;

Wy(t, z) := additive space-time noise, white in ¢, smooth

N 1 o constant;
or € L(R?), k> 1, commuting, symmetric (2 x 2)-
matrices- » |ox|* < 0o, |ok|* := tr(o7);

k=1
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SNSE-contd

W} := Independent one-dimensional standard Brownian
motions, k£ > 1, defined on a complete filtered Wiener

space (9, F, (Fi)0, P);
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SNSE-contd

W} := Independent one-dimensional standard Brownian
motions, k£ > 1, defined on a complete filtered Wiener

space (9, F, (Fi)0, P);
Wi, k > 1, iIndependent of W;
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SNSE-contd

W} := Independent one-dimensional standard Brownian
motions, k£ > 1, defined on a complete filtered Wiener

space (9, F, (Fi)0, P);
Wi, k > 1, iIndependent of W;

~yu dt := deterministic linear drift term with a fixed
parameter ~;
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SNSE-contd

W} := Independent one-dimensional standard Brownian
motions, k£ > 1, defined on a complete filtered Wiener

space (9, F, (Fi)0, P);
Wi, k > 1, iIndependent of W;

~yu dt := deterministic linear drift term with a fixed
parameter ~;

initial velocity f : D — R2.
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A family of propositions { P(w) : w € 2} holds
In w If there Is a sure event 2* € F such that
0(t,-)(2*) =Q* forallt € R and P(w) is true
w € Q"
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Convention

Pertection:
A family of propositions { P(w) : w € Q2} holds perfectly
INn w If there IS a sure event 2* € F such that

0(t,-)(2*) = Q* forall t € R and P(w) is true for every
w € Q"

Perfection is a non-trivial property in
infinite-dimensional settings. (|[M-S], [M-Z-Z])
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A family of propositions { P(w) : w € 2} holds
In w If there Is a sure event 2* € F such that
0(t,-)(2*) =Q* forallt € R and P(w) is true
w € Q"

Perfection is a non-trivial property in
infinite-dimensional settings. ( : )

CY! = Fréchet differentiable with derivatives Lipschitz
on bounded sets.
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ODbjectives

To establish:

m existence of a perfect locally compacting C!
cocycle (semiflow) generated by all solutions of the
stochastic Navier-Stokes equation;
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To establish:

existence of a perfect locally compacting C'*!
cocycle (semiflow) generated by all solutions of the
stochastic Navier-Stokes equation;

large-time asymptotics for the linearized stochastic
semiflow on a stationary solution, given by a
countable non-random Lyapunov spectrum of the
cocycle;
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To establish:

existence of a perfect locally compacting C'*!
cocycle (semiflow) generated by all solutions of the
stochastic Navier-Stokes equation;

large-time asymptotics for the linearized stochastic
semiflow on a stationary solution, given by a
countable non-random Lyapunov spectrum of the
cocycle;

existence of flow-invariant C'! local stable/unstable
manifolds in the neighborhood of a hyperbolic
stationary solution;
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tives-contd



ODbjectives-contd

m existence of a countable, flow-invariant C'* local
foliation through an ergodic stationary point (when

v = 0);
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ODbjectives-contd

= existence of a countable, flow-invariant C'* local
foliation through an ergodic stationary point (when

7 = 0);
m existence of a countable, global invariant flag
relative to an ergodic stationary point (when v = 0);
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existence of a countable,
through an ergodic stationary point (when
7 = 0);

existence of a countable,
relative to an ergodic stationary point (when ~ = 0);

sufficient conditions on the parameters v, -,

d;,t > 1, (with oy = 0) and the geometry of the
domain D to guarantee unigueness and hyperbolicity
of the stationary solution (viz. the zero equilibrium).

Invariant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.9/7¢






The set-up

Consider the Hilbert space
V:={ve H}(D,R*):V-v=_0a.e. in D},

with the norm

lolly = ( /D V()2 dr)?

and inner product < -, - >.
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The set-up

Consider the Hilbert space
V:={ve H}(D,R*):V-v=_0a.e. in D},

with the norm

lolly = ( /D V()2 dr)?

and inner product < -, - >.
H := closure of V in the L*-norm

1
ol = /\v )2 d)*.
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n-contd

>:= Inner product on H.



n-contd

>:= Inner product on H.

°(D,R?) — H := the Helmholtz-Hodge
lon.



Set-up-contd

< -, - >:= Inner product on H.

Py : L°(D,R?) — H := the Helmholtz-Hodge
projection.

The (Stokes) operator A in H 1s given by
Au = —vPy/Au, we H*(D,R*)NV.
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Set-up-contd

< -, >:=Inner product on H.

Pr : L°(D,R?) — H := the Helmholtz-Hodge
projection.

The (Stokes) operator A in H 1s given by
Au = —vPy/Au, we H*(D,R*)NV.

Define the bilinear operator B by
B(u,v) := Py ((u-V)v),

whenever w, v are such that (v - Vv) belongs to L=.
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volution equation



volution equation

otation: B(u) := B(u,u).



'The evolution equation

Short notation: B(u) := B(u,u).

Apply the projection Py to each term of the SNSE (1)
and get abstract form:
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'The evolution equation

Short notation: B(u) := B(u,u).

Apply the projection Py to each term of the SNSE (1)
and get abstract form:

du(t)+Au(t) dt + B(u(t)) dt

u(0)=f e H

in L*(0,7; V'); V' :=dual of V;
O-l?f::PH(O-kof)a fEH
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EXIStence of the Cocycle

We show that strong solutions of the SNSE generate a
Fréchet C'*:! locally compacting cocycle (viz. stochastic
semiflow) v : R™ x H x Q0 — H on the Hilbert space H.
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We show that strong solutions of the SNSE generate a

Fréchet C''! locally compacting cocycle (viz. stochastic
semiflow) v : R™ x H x Q — H on the Hilbert space H.

Use a variational technique which transforms the SNSE
Into a NSE. Then analyze the random NSE
via a priori estimates coupled with lengthy estimates on
Galerkin approximations. (cf. : ).
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ance of the Cocycle-contd



EXIStence of the Cocycle-contd

Consider the SNSE
du(t, f) + Au(t, f)dt + B(u(t f))dt

_yu(t f)dt—I—O()dW() +ZUkUtf)de()
k=1
t > 0,

u(0, f) = f € H.
©)
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EXIStence of the Cocycle-contd

Consider the SNSE
du(t, f) + Au(t, f)dt + B(u(t f))dt

_fyu(t f)dt—l—JodW() +ZUkUtf)de()
k=1
t > 0,

u(0, f) = f € H.
©)

For each f € H, the SNSE (3) admits a unique strong
solution

u(-, f) € LA C([0,T); H)) N L*H(Q x [0, T]; V)
( [ B - C - F] ) . Invariant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.14/7¢



The Cocycle: Theorem

Let u(t, f,-) be the unique global solution of the SNSE

(3)fort > 0and f € H. Denoteby 6§ : R™ x 2 — Q the
standard Brownian shift

0(t,w)(s) =w(t+s)—w(t), t,s>0 we, (4
on Wiener space (€2, F, P).
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Let u(t, f,-) be the unique global solution of the SNSE
(3)fort > 0and f € H. Denoteby 6§ : R™ x 2 — Q the
standard

O(t,w)(s) =w(t+s)—w(t), t,s>0 we, (4

on Wiener space (€2, F, P).

Then there isa version u : R™ x H x Q0 — H of the
solution of (3) with the following properties:
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The Cocycle: Theorem-contd

m Themapu: R"™ x H x Q — H is jointly
measurable, and for each f € H, the process
u(-, f,) : R™ x Q — His (F;)s>¢-adapted.
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The Cocycle: Theorem-contd

m Themapu: R"™ x H x Q — H is jointly
measurable, and for each f € H, the process
u(-, f,) : R™ x Q — His (F;)s>¢-adapted.

m Foreacht > 0 and w € €2, the map

u(t,-,w) : H — H takes bounded sets into relatively
compact sets.
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The Cocycle: Theorem-contd

m Themapu: R"™ x H x Q — H is jointly
measurable, and for each f € H, the process
u(-, f,) : R™ x Q — His (F;)s>¢-adapted.

m Foreacht > 0 and w € €2, the map

u(t,-,w) : H — H takes bounded sets into relatively
compact sets.

w (u,0) is a Ct! perfect cocycle; viz.

u(ty, u(ty, f,w), 0(t1, w)) = u(ty + to, f,w)  (5)
forall ¢1,¢10 >0, f € H,w € ().
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The Cocycle: Theorem-contd

m For each (¢, f,w) € R™ x H x , the Fréchet
derivative Du(t, f,w) € L(H) of the map u(t, -, w)
IS compact linear, and the map

R"x HxQ— L(H)
(t, fyw) — Du(t, f,w)

IS strongly measurable.
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ocycle: Theorem-contd

r fixed p,a > 0,

log™ sup {|u(ts, f,0(t1,-))|n

O§t17t2§a
fla<p

HDu(t%f:e(tla ) ||L } < Q.
©)




The cocycle property

u(tlv'aw) U(tg, °79(t17w))
— —
H H H
re
Tu(t LW
W st
| | |
| | |
l l l
: e(tla ) : 9(t27 ) :
Loy 0(F,, ) 0t + fa, w)
t =20 t =1 t =11+ to
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of Theorem: Sketch



Prooft of Theorem: Sketch

Define v : R™ x H x 2 — H by setting

u(t, f,w) = Q,w)[u(t, f,w) + Z(t,w)], (1)
fort >0, we ) f e H,
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Prooft of Theorem: Sketch

Define v : R™ x H x 2 — H by setting

u(t, f,w) = Qt,w)|v(t, f,w) + Z(t,w)], (7)

fort >0, weQ, feH;, Q:[0,00) xQ— L(R?)
satisfies

Qt) = ]+7/OtQ(s) ds + Z/Ot orQ(s) dWy(s), t > (
- ®
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Prooft of Theorem: Sketch

Define v : R™ x H x 2 — H by setting

u(t, f,w) = Qt,w)|v(t, f,w) + Z(t,w)], (7)

fort >0, weQ, feH;, Q:[0,00) xQ— L(R?)
satisfies

Qt) = ]+7/OtQ(s) ds + Z/Ot orQ(s) dWy(s), t > (
- ®

Z(t) :== oy /Ot Q(s) Ty dWy(s), t > 0;
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of Theorem-contd

xp (—tA) : H — H, t > 0, semigroup of —A.



Proof of Theorem-contd

T; :=exp(—tA): H— H, t > 0, semigroup of —A.
Let v(t) = v(t, f) satisfy the random NSE:

du(t) = — Av(t

- Q
v(0)=fe H.

dt

)
() B(QE)(v(t) + Z(t)),v(t) + Z(t)) dt,

(9)
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Ti :=exp(—tA): H— H, t > 0, semigroup of —A.
Let v(t) = v(t, f) satisfy the NSE:

du(t) = —Av(t) dt
= Q)B(Q)(v(t) + Z(1)), v(t) + Z(1)) dt.

v(0)=feH.
_ . . )
Existence of a unique global solution to the random
NSE (9) follows by Galerkin approximations, a priori
estimates and compactness of the embedding V' — H.

Obtain Lipschitz and Fréchet differentiability (C'*!)
properties for v and hence for « using
on v and its Gateaux derivatives,

ant Manifoldsfor Stochastic 2 D Navier-Stokes Equations — p.21/7¢



of Theorem-contd



Proof of Theorem-contd

To show the perfect cocycle property for u, observe that
() has the cocycle property

Q(t1+t2,w) = Q(tzag(thw))Q(thw), t1,t2 > 0, w € ().
(10)
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Proof of Theorem-contd

To show the perfect cocycle property for u, observe that
() has the cocycle property

Q(ti+t2, w) = Q(ta,0(t1,w))Q(t1,w), t1,t2 > 0, w € Q.
(10)
The cocycle property for u will follow from the identity

Q(tlv W)[U(tl + 1o, f7 w) + TtQZ(th (U)]

= v(tg, Q(t1, w)|v(t, f,w) + Z(t1,w)], 0(t1,w))
(11)
fort,;,to > 0,w € ), f € H. Above identity holds by
uniqueness of the solution to the random NSE (9).
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of Theorem-contd

e the integrability estimate in the theorem:



Proof of Theorem-contd

To prove the integrability estimate in the theorem: Let
0 <1t t < a and f c H with |f|H < p.
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Proof of Theorem-contd

To prove the integrability estimate in the theorem: Let
0<t;,ts <aand f € Hwith|f|g < p. Thenbyana
priori estimate on v:

u(ts, f,0(t1,w))|u

e Q(tg,@(tl,w)
< Q(t2, 0(t1, w)
< [p+ W)@

where ||Q |« =

v(ta, f,0(t1,w)) + Z(ta, 0(t1,w) |
| fla + c(w)]

oo [[Q™ oo (12)

sup [|Q@'(t)]] and E'log ¢ < oo.

0<t<2a
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Proof of Theorem-contd

To prove the integrability estimate in the theorem: Let
0<t;,ts <aand f € Hwith|f|g < p. Thenbyana
priori estimate on v:

u(ts, f,0(t1,w))|u

— Q(tg,@(tl,w)
< Q(t2, 0(t1, w)
< [p+ W)@

where ||Q |« =

v(ta, f,0(t1,w)) + Z(ta, 0(t1,w) |
| fla + c(w)]

oo [[Q™ oo (12)

sup [|Q'(t)]] and E'log ¢ < oo.

0<t<2a

Using a priori estimates on Dwv, we obtain
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Proof of Theorem-contd

|Du(t2, f,0(t1,w)) || L
= Q(t2,0(t1,w)|| Dv(ta, f, 0(t1,w)) | L
< 1(W)[|Qllo|Q@ ™ | exp{ea(w)| fI7}  (13)

where
Elogecy <00, FEcy < 0.
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Proof of Theorem-contd

The above two estimates imply

ElogJr sup ]u(tmf»@(tl,'))’H

0<t1,t2<a
| fla<p
+ Elog™ sup | Du(ta, f,0(t1, )| L
0<t1,ta<<a
| fla<p

< 00. (14)
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Proof of Theorem-contd

That 1s:

Elog™ sup ||lu(te,-,0(t1,"))||cr < oo

0<t1,t2<a

where || - ||+ denotes the C'' norm on the closed ball
B(0, p) in H, center 0 and radius p.
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)nary point/equilibrium



Stationary point/equilibrium

An F-measurable random variable
Y : Q) — H

IS @ stationary random point or equilibrium for the
cocycle (u, 0) if
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Stationary point/equilibrium

An F-measurable random variable
Y : Q) — H

IS & stationary random point or equilibrium for the
cocycle (u, 0) if

u(t,Y (w),w) =Y (0(t,w))

forallt e R*,and w € Q.
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roolic equilibrium



Hyperbolic equilibrium

Let Y : 2 — H be a stationary random point for the
cocycle (u, ) of SNSE (3) with Flog™ |Y] < oo.
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Hyperbolic equilibrium

Let Y : 2 — H be a stationary random point for the
cocycle (u, ) of SNSE (3) with Flog™ |Y] < oo.

Then (Du(t,Y (w),w),0(t,w)) is a compact linear
cocycle.
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Hyperbolic equilibrium

Let Y : 2 — H be a stationary random point for the
cocycle (u, ) of SNSE (3) with Flog™ |Y] < oo.

Then (Du(t,Y (w),w),0(t,w)) is a compact linear

cocycle.
The Oseledec-Ruelle operator Is given by

A(w) := lim {[Du(t’y(w)»w)}* o [Dult,Y (), w)] }1/2t

t—00

Limit exists in the uniform operator norm in L(H) per-
fectly in w € Q2-(Ruelle-Oseledec theorem). |Ru]|
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nov exponents-contd



Lyapunov exponents-contd

The Oseledec-Ruelle operator Is compact, self-adjoint
and non-negative with fixed discrete spectrum

6)\1>6)\2>6)\3>°“>6)\”>°“
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Lyapunov exponents-contd

The Oseledec-Ruelle operator Is compact, self-adjoint
and non-negative with fixed discrete spectrum

6)\1>€)\2>6)\3>“'>€)\”>“°

The Lyapunov exponents
{ <)\7;+1 <>\7;< <)\2<)\1}

are values of the almost sure limit

1
lim Zlog | Du(t,Y (w),w)(9)|m, g € H.

t—00
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licity vs. hyperbolicity

ationary point Y is said to be hyperbolic if A\; # 0
v > 1and A\ > 0.



Ergodicity vs. hyperbolicity

The stationary point Y is said to be hyperbolic if A\; # 0
forall - > 1and \{ > 0.

Ergodicity of the zero equilibrium Y = 0 (when oy = 0)
corresponds to a negative top Lyapunov exponent:

O

1
)\1:7—M1—§;|0k|2<0
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Ergodicity vs. hyperbolicity

The stationary point Y is said to be hyperbolic if A\; # 0
forall - > 1and \{ > 0.

Ergodicity of the zero equilibrium Y = 0 (when oy = 0)
corresponds to a negative top Lyapunov exponent:

100
)\1:7—M1—§;\0k\2<0

“Dynamically": expect ergodicity to be a non-generic
property; but hyperbolicity IS generic.
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The stationary point Y is said to be It \; # 0
forall: > 1 and \{ > 0.

of the zero equilibrium Y = 0 (when 0y = 0)
corresponds to a

100
>\1:W_M1—§;\Uk\2<0

“Dynamically": expect ergodicity to be a
property; but IS generic.

Next result gives necessary and sufficient conditions for
hyperbolicity of the zero equilibrium Y = 0.
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Hyperbolicity of the zero equilbrium

In SNSE (3), the zero equilibrium is hyperbolic if and
only if the following conditions hold

@) 7 — 1 — 5352 0wl > 0;
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Hyperbolicity of the zero equilbrium

In SNSE (3), the zero equilibrium is hyperbolic if and
only if the following conditions hold

@) 7 i — L ouf? > 0
(i) v — pn — 5> 7oy lok]* # 0 forall n > 2.
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Hyperbolicity of the zero equilbrium

In SNSE (3), the zero equilibrium is hyperbolic if and
only if the following conditions hold

@) 7~ i~ L5 oul? > 0
(i) v — pn — 5> 7oy lok]* # 0 forall n > 2.
Proof:
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Hyperbolicity of the zero equilbrium

In SNSE (3), the zero equilibrium Is hyperbolic If and
only if the following conditions hold

() 7 — 1 — 52021 low]* > 0;
(i) v — pn — 5> 7oy lok]* # 0 forall n > 2.
Proof. Use the formula

1 O
k=1

for the Lyapunov exponents of the linearized cocycle
(Du(t, 0,w), 8(¢,w)).
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rization: Spectral theorem



Linearization: Spectral theorem

Eg(w)/

El(w) — H— 0 /\\/—’_\/
Bs(w)~— \w/

W 0(t,w)
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Random saddles

{U(w),S(w) : w € Q} := unstable and stable subspaces
assoclated with the linearized cocycle

(Du(t, Y (w),w),0(t,w)) ([Mo.3], [M.S] ).
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{U(w),S(w) : w € Q} := unstable and stable subspaces
assoclated with the linearized cocycle
(Du(t, Y (w),w), 0(t, w)) ( , ).

Then get a measurable perfect invariant splitting

H=Uw)®S(w),

Du(t,Y (w

3
2
B
M
¢
=
=
3

for all ¢t > 0.
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Random saddles-Contd

Have exponential dichotomies:
Du(t, Y (w),w)(z)] > |z]e™
forallt > 0,2z € U(w);
Du(t, Y (w),w)(x)] < |z]e™

forallt > 0,2 € S(w), and 9; > 0, fixed, s = 1, 2.
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Random saddles-contd

S(w)-—>/\ | )y :
U(w) \\/:/ %” U9(t,w))

0(t,-) i

% "
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table manifold theorem



1 he stable manifold theorem

Let Y : €2 — H be a hyperbolic stationary random point
for the cocycle (u, 0) of the SNSE (3) with

Elog' |Y] < oo.
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1 he stable manifold theorem

Let Y : Q) — H be a hyperbolic stationary random point
for the cocycle (u, 0) of the SNSE (3) with

Elog' |Y| < oo.
Then there exist perfect stationary families of local

invariant stable/unstable C'* submanifolds S(w), U (w),
within a tubular neigborhood of the stationary solution

Y (0(t, w)).
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1 he stable manifold theorem

Let Y : €2 — H be a hyperbolic stationary random point
for the cocycle (u, 0) of the SNSE (3) with

Elog' |Y| < oo.
Then there exist perfect stationary families of local

invariant stable/unstable C'* submanifolds S(w), U (w),
within a tubular neigborhood of the stationary solution

Y (0(t, w)).

First, we view a stationary tube around the hyperbolic
equilibriumY’.
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lonary tube



lonary tube

Y(6(t,w))



lonary tube

— — m——



lonary tube

— — m——



o/unstable manifolds




Stable/unstable manifolds
u(t, -, w)
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Stable/unstable manifolds
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Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds

u(t, -, w)
/\
/
S(w)—
@) b ()
U(w) —] |
|
/
Q(tv )
/\




Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds
u(t, -, w)




Stable/unstable manifolds
u(t, -, w)
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lant manifolds and foliations

o linear drift (v = 0), get:

e Local Invariant Manifold Theorem



lant manifolds and foliations

o linear drift (v = 0), get:
e Local Invariant Manifold Theorem

e Globa

|nvariant Foliation Theorem



Invariant manifolds and foliations

With no linear drift (v = 0), get:

he Local

ne Globa

nvariant Manifold Theorem

|nvariant Foliation Theorem

The local invariant manifold theorem characterizes the
almost sure asymptotic stability of the random flow of
the SNSE (3) in the neighborhood of an ergodic
stationary point Y.
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Invariant manifolds and foliations

With no linear drift (v = 0), get:

e Ihe lLocal Invariant Manifold Theorem

e [he Global Invariant Foliation Theorem

The local invariant manifold theorem characterizes the
almost sure asymptotic stability of the random flow of
the SNSE (3) in the neighborhood of an ergodic
stationary point Y.

The global invariant foliation theorem gives random
cocycle-invariant foliations in H, characterized by the
Lyapunov exponents at an ergodic stationary point ¥,
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lant manifold theorem (v = 0)



Invariant manifold theorem (v = 0)

Let (u, #) be the cocycle generated by the SNSE (3) with
~ = 0. Suppose Y Is an ergodic stationary point of (3)
with a Lyapunov spectrum {)\; : ¢ > 1} and A\; < 0.

Fix e € (0, —\1). Then there exist
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Invariant manifold theorem (v = 0)

Let (u, #) be the cocycle generated by the SNSE (3) with
~ = 0. Suppose Y Is an ergodic stationary point of (3)
with a Lyapunov spectrum {)\; : ¢ > 1} and A\; < 0.

Fix e € (0, —\1). Then there exist

(i) asureevent QO € F with 4(¢,-)(Q2*) = Q* for all
t € R,
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Invariant manifold theorem (v = 0)

Let (u, #) be the cocycle generated by the SNSE (3) with
~ = 0. Suppose Y Is an ergodic stationary point of (3)
with a Lyapunov spectrum {)\; : ¢ > 1} and A\; < 0.

Fix e € (0, —\1). Then there exist

(i) asureevent QO € F with 4(¢,-)(Q2*) = Q* for all
t € R,

(i) F-measurable random variables
pi, B;i + Q0 — (0,1), B; > p; = pix1 > 0,1 > 1, such
that for each w € Q*, the following is true:
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lant manifolds-contd



Invariant manifolds-contd

For each i > 1, there is a C'' submanifold S;(w) of
B(Y (w), p;(w)) with the following properties:
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Invariant manifolds-contd

For each i > 1, there is a C'' submanifold S;(w) of
B(Y (w), p;(w)) with the following properties:

(@) S;(w)isthesetofall f € B(Y(w), pi(w)) such that
u(n, f,w) =Y (0(n,w))|g < Gi(w) exp{(Ai + €)n}

for all integers n > 0.
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Invariant manifolds-contd

For each i > 1, there is a C'' submanifold S;(w) of
B(Y (w), p;(w)) with the following properties:

(@) S;(w)isthesetofall f € B(Y(w), pi(w)) such that
u(n, f,w) =Y (0(n,w))|g < Gi(w) exp{(Ai + €)n}

for all integers n > 0.
Furthermore, for each f € S;(w):

1
lim sup 7 log |u(t, f,w) =Y (0(t,w))|g < A\

t—00
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lant manifolds-contd



Invariant manifolds-contd

Each 1(w) is a submanifold of S;(w); and
) = E;(w). In particular,

(
codlm S;(w) = codim E;(w) (fixed and finite).
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Invariant manifolds-contd

Each 1(w) is a submanifold of S;(w); and
) = E;(w). In particular,

(
codlmS‘( ) = codim E;(w) (fixed and finite).

(b) hmsup%log |:Sup{’u(t7f17’a}i:?;2(‘75[7{][27("})’[{ :

J1 7 f2, J1,f2 € SZ((’U)}:| <\
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lant manifolds-contd



lant manifolds-contd

ocycle-invariance):
ere exist 7;(w) > 0 such that

u(t, - w)(Si(w)) € Si(0(t,w))

rallt > 7;(w).



Invariant manifolds-contd

(C) (Cocycle-invariance):.
There exist 7;(w) > 0 such that

~

u(t,-,w)(Si(w)) € Si(B(t, w))

forall ¢ > 7;(w). Also

Du(t,Y (w),w)(F;(w)) C E;(0(t,w)), t=>0.
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al Invariant flag theorem



Global invariant flag theorem

Assume v = 0 and Y Is an ergodic stationary point Y of
the SNSE (3) with a Lyapunov spectrum {\; : : > 1} and
A < 0. Let Q* be as before.
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Global invariant flag theorem

Assume v = 0 and Y Is an ergodic stationary point Y of
the SNSE (3) with a Lyapunov spectrum {\; : : > 1} and
A < 0. Let Q* be as before.

Define the random sets M;(w), w € Q*, ¢ > 1, by
M;(w)

t—0o0

= {f c H : H%log]u(t,f,w) - Y(0(t,w)|g < Ai}

for: > 1, w € O,
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Global invariant flag theorem

Assume v = 0 and Y Is an ergodic stationary point Y of
the SNSE (3) with a Lyapunov spectrum {\; : : > 1} and
A < 0. Let ©2* be as before.

Define the random sets M;(w), w € Q*, ¢ > 1, by
M;(w)

t—0o0

S|
— {f c H : lim glog u(t, f,w) =Y (0t w)|g < Ai}
for: > 1, w € QF.

For fixed: > 1,w € ¥, define the sequence { ST (w)}>°,,
Inductively by:
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Global invariant flag-contd

Si(w) : = Si(w)
u(n, -, w)™ [S’Z (H(n, w))} ,
S7'(w) = if S (w) C un,-,w)[Si(0(n,w))]

St (w), otherwise,

for all n > 2, where S;(w),i > 1, are the local invariant
C! manifolds at Y (w).
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Global invariant flag-contd

Si(w) : = Si(w)
u(n, -, w)™ [SZ (H(n, w))} ,
S7'(w) = if S (w) C un,-,w)[Si(0(n,w))]

St (w), otherwise,

for all n > 2, where S;(w),i > 1, are the local invariant
C! manifolds at Y (w).

Then the following is true foreach: > 1 and w € Q*:
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al Invariant flag-contd



al Invariant flag-contd

ach M;(w) is cocycle- invariant:
u(t, -, w)(M;(w)) C M;(0(t,w))

rall ¢ > 0.



Global invariant flag-contd

(1) Each M;(w) is cocycle- invariant:
U(t, 0 (,d) (Mz(w)) C Mz (Q(t, UJ))
forall t > 0.

(i) SP(w) C S (w) forall n > 1, and

(perfectly In w).
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al Invariant flag-contd



al Invariant flag-contd

ir1(w) © M;(w).



al Invariant flag-contd

iv1(w) C© M;i(w).
rany f € Mi(w)\M;1(w),

mloglu(t, £.w) — Y (8(t,w))l € (n, A

©.0)




al Invariant Flag



Global Invariant Flag

u(t, -, w)

—M>5(0(t,w))

— p.48/7
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Burgers spde

Similar (C>°) dynamics holds for one-dimensional
Burgers equation with affine white noise:
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Burgers spde

Similar (C>°) dynamics holds for one-dimensional
Burgers equation with affine white noise:

du(t) = vAu dt — ug—? dt + yu(t) dt + oo dWy(t)

+ou(t)dW(t), t >0, £ €[0,1],
u(t,0) = u(t,1) =0 forall ¢t > 0,
w(0,¢) = f(&), £ €0,1].
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